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For an electron spin in coupling with an interacting spin chain via hyperfine-type interaction, we
investigate the dynamical evolutions of the pairwise entanglement of the spin chain and a correlation
function joined the electron spin with a pair of chain spins in correspondence to the electron spin co-
herence evolution. Both quantities manifest a periodic and a decaying evolution. The entanglement
of the spin bath is significant in distinguishing the zero-coherence status exhibited in periodic and
decoherence evolutions of the electron spin. The periodical concurrence evolution of the spin bath
characterizes the whole system in a coherence-preserving phase, particularly for the case that the
associated periodic coherence evolution is predominated by zero-value in the infinite chain-length
limit, which was often regarded as the realization of decoherence.
PACS numbers: 03.65.Yz, 03.67.Mn, 75.10.Jm, 03.65.Ta
Quantum coherence in terms of state superposition is
one of the most important features of quantum mechan-
ics. Usually the unavoidable environment would render
the quantum object decohered. In most cases the envi-
ronment can be efficiently modeled by an infinite number
of non-interacting oscillators, i.e., the boson bath as in
the Caldeira-Legget model.1 The decohering environment
can also be a spin bath. An interesting example is the
so-called Coleman-Hepp model,2 proposed in the study
of quantum measurement. In this model, the appara-
tus is an one-dimensional chain with infinite number of
non-interacting spins, which is used to measure and to
collapse the superposed spin states of a relativistic elec-
tron.
The decoherence of an electron spin S induced by an
environmentE can be viewed as a quantum measurement
process. The electron spin in a state |φS〉 = c1 |+〉+c2 |−〉
is to be measured by E as the apparatus. The quantum
dynamics of the universe, i.e., the closed system formed
by S and E, is expected to result in the von Neumann’s
wave packet collapse postulate3,4
ρS(t) = TrE [ρ(t)]→ |c1|2|+〉〈+|+ |c2|2|−〉〈−| ,
where ρS(t) is the reduced density matrix of S, and ρ(t)
the evolving density matrix of the universe. The deco-
herence of S is actually the realization of wave packet
collapse in sense of von Neumann’s postulate.
Since the universe is composed of two mutually inter-
acting parts, S and E, the bath-traced electron-spin co-
herence should be complemented by a proper descrip-
tion of the environment status. The relation between the
entanglement of the bath and the coherence of the sys-
tem has stimulated extensive interest.5,6 However, the
dynamical evolution of the coherence status of the en-
vironment in correspondence to the coherence evolution
(CE) of S has not been systematically explored. In this
paper, we investigate the entanglement evolution of a
spin chain bath in driving the decohrence of a coupled
electron spin. In fact, zero-coherence status can be real-
ized in two kinds of qualitatively different electron spin
CE’s, which exhibit different responses to the spin echo
effect.7 It is then desirable to explore the underlying dif-
ference between these two coherence states and its impli-
cations by studying the status of the environment.
In this paper, we introduce the pairwise concurrence
which measures the entanglement of the spin chain, and
a joint-correlation function which correlates the system
spin with a pair of bath spins. We find that, the evo-
lutions of both quantities exhibit critically different be-
haviors in correspondence to the different CE of S. The
apparent zero-coherence status appeared in the two kinds
of CE’s prevail in the joint-correlation evolution but can
be discriminated by the concurrence of the spin chain.
In particular, corresponding to the periodic coherence
evolution predominated by zero values, the bath chain
maintains in a stable entangled state with periodic con-
currence evolution while the zero-coherence status ap-
peared in the decoherence evolution corresponds to the
bath chain with disentangled spin pairs. Moreover, the
periodicity of bath concurrence persists even when the
coherence exhibits a non-decaying irregularly oscillating
evolution. The periodic concurrence evolution of the spin
bath with non-zero amplitude characterizes the whole
system in a coherence-preserving phase.
Model description.— The Hamiltonian for the universe
H = HS +HE +HI (1)
is composed of the system part HS =
ǫ+|+〉〈+| + ǫ−|−〉〈−|, the environment part
HE = B/2
∑N−1
j=1
(
I+j I
−
j+1 + I
−
j I
+
j+1
)
and the interaction
part HI =
∑N
j=1 AjS
zIzj , which is the longitudinal
hyperfine (HF)-type interaction8 between S and E.
Here j is the site index of the spin chain, I±j = I
x
j ± iIyj ,
and Ij the corresponding spin operator with I =
1
2 .
ǫ± are the Zeeman energies of the electron spin under
2applied magnetic field, B the coupling constant of the
nearest-neighbored chain spins, and Aj the HF-type
interaction strength between S and E, which varies from
site to site on the spin chain.
We notice that, the z-component of the total bath spin
Iz =
∑
j I
z
j is a constant of motion of the whole system,
[Iz, H ] = 0. It is then physically reasonable to confine
the bath states to the Iz = 0 section of the full Hilbert
space. As a result, the contribution of the longitudinal
HF-type interaction depends only on the differences of
the local interaction strength, i.e., it keeps unchanged
with the substitution Aj → Aj+common const. for all
sites.7 Moreover, the z-component of the electron spin Sz
is also a good quantum number and the total Hamilto-
nian is diagonal in the Sz representation as
H = |+〉〈+|H+ + |−〉〈−|H− (2)
with electron-spin-conditioned bath Hamiltonian
H± = ǫ± +HE ±
∑
j
Aj
2
Izj . (3)
We consider two kinds of HF-type interactions: (i) the
linear form Aj=(N − j)∆A+AN with ∆A being a con-
stant, and the resulted CE depending only on the ratio
of the slope of the HF-type interaction and the intra-
bath interaction strength, ξ = ∆A
B
.7 (ii) the cosine form
Aj = A cos2 (j−1)π2N with magnitude A constant, which
resembles the HF coupling in a quantum dot with Aj
proportional to the norm of the electron wave function.9
The former is a minimal model to clarify the underly-
ing mechanism for decoherence while the latter is more
realistic.
At time t = 0, S and E are in pure states and are disen-
tangled from each other as ρ0 = ρ
S
0 ⊗ ρE0 =
(|φS〉〈φS |)⊗(|ΦE〉〈ΦE |), where |φS〉 = c1 |+〉 + c2 |−〉 and |ΦE〉 are
the initial states of S and E, respectively. Without loss
of generality, we take the initial bath state randomly
selected and fully polarized as |ΦE〉 = |↑↑↓↓ · · ·〉{jα} ,
where {jα} denotes the initial bath spin configuration
with M spin up states on sites j1, j2, · · · , jα, · · · , jM and
spin down states on other sites. At time t, the density
matrix of the universe is ρ(t) = U(t)ρ0U
†(t) with U(t)
the evolution operator of the universe. In the reduced
density matrix of the system
ρS(t) = |c1|2|+〉〈+|+ |c2|2|−〉〈−|
+c1c
∗
2|+〉〈−|ρS+,−(t) + h.c. , (4)
the off-diagonal element
ρS+,−(t) = Tr[ρ(t)S
−] = 〈ψ−(t)|ψ+(t)〉 (5)
measures the coherence of S, where |ψ±(t)〉 =
e−iH±t |ΦE〉 is the wave function of the spin chain condi-
tioned on the electron spin states.
Under the Jordan-Wigner transformation,10 I+j =
c†je
iπ
Pj−1
l=1
c
†
l
cl , I−j its hermitian conjugate and I
z
j =
c†jcj − 12 , with c†j , cj the creation and annihilation spin-
less fermionic operators on site j, the initial bath state
reads |ΦE〉 = Πjαc†jα |0〉 , the Hamiltonian H± and the
coherence ρS+,−(t) take the forms
H± = ǫ˜± +
N∑
j,j′=1
c†jh
±
j,j′cj′
ρS+,−(t) = e
i(ǫ˜−−ǫ˜+)t det
[
χ(t)jβ ,jβ′
]
, (6)
where h±j,j′ = ±Aj2 δj,j′ + B2 (δj,j′+1 + δj,j′−1), ǫ˜± =
ǫ± ∓ 14
∑
j Aj , and χ(t)jβ ,jβ′ = [e
ih−te−ih
+t]jβ ,jβ′ with
jβ , jβ′ ∈ {jα}.
Joint-correlation function.—We consider first the joint
correlation function Gj1,j2(t) = Tr[ρ(t)S
+I+j1I
−
j2
] =
〈ψ+(t)| I+j1I−j2 |ψ−(t)〉, which embodies both the informa-
tion of the system S via S+ and that of the bath spins via
I+j1I
−
j2
. We choose j1, j2 as a pair of nearest-neighbored
sites with opposite initial spins. Time-dependent density
matrix renormalization group method11 is employed for
the calculation of Gj1,j2(t).
For linear HF-type interaction, we normalize the time
variable t by 4/∆A. Our calculation shows that, the
joint-correlation evolution exhibits the same two kinds
of qualitatively different evolutions as the corresponding
CE’s of S,7 a periodic evolution and a decaying evolution,
see Fig. 1. For ξ = 10, Gj1,j2(t) is typically periodic with
period π while for ξ = 0.1 it decays monotonically after
a narrow peak close to t = 0. As the chain size increases,
the zero-value intervals in the periodic evolution keep
extending and the peak width shrinking while the peak
in the decaying evolution moves closer to t = 0.
It is interesting to notice that, the zero-value time
regimes for Gj1,j2(t) coincide with those in CE of S,
not only in the decaying evolution, but also in the pe-
riodic evolution. This is excellently in consistence with
Coleman-Hepp’s argument for the quantum measure-
ment theory.2 In the zero-coherence regime, the two
pointer states |ψ±(t)〉 “remain orthogonal after any op-
eration involving only finitely many lattice points” in the
limit of infinite chain length. We have here I+j1 , I
−
j2
as the
local operators.
Pairwise concurrence of the spin chain.— We next in-
vestigate the nearest-neighbored pairwise entanglement
of the environment in correspondence to the CE of S.
The dynamical entanglement of the spin chain is driven
by not only the intra-bath spin-spin interaction, but also
the inhomogeneous interaction between S and E. For
I = 12 spins, the concurrence C gives a proper measure of
the amount of the pairwise entanglement,12 which varies
from C = 0 for a separable state to C = 1 for a maximally
entangled state.
The pairwise concurrence for chain sites j1, j2 can be
calculated from the corresponding reduced density ma-
trix ρj1j2 = TrS [Trj\1j\2ρ(t)], where Trj\1j\2 denotes trac-
ing over the spin chain except sites j1 and j2. Noting that
Iz =
∑N
j=1 I
z
j is a good quantum number, ρj1j2 takes the
3form
ρj1j2 =


u1 0 0 0
0 w1 z 0
0 z∗ w2 0
0 0 0 u2

 (7)
in the standard basis |↑j1↑j2〉 , |↑j1↓j2〉 , |↓j1↑j2〉 , |↓j1↓j2〉,
and the corresponding concurrence is13
C(t) = 2max
[
0, |z| − √u1u2
]
. (8)
The entities of matrix (7) are two-point correlation
functions. In the fermionic representation their exact
expressions can be derived as u1 = |c1|2 det[γ(+)] +
|c2|2 det[γ(−)], u2 = 1 − Tr
[|c1|2γ(+) + |c2|2γ(−)
]
+
u1 and z = |c1|2γ(+)j1,j2 + |c2|2γ
(−)
j1,j2
, where γ
(±)
j,j′ =∑
jβ∈{jα}
[
e−ih
±t
]
j,jβ
[
eih
±t
]
jβ ,j′
with j, j′ ∈ {j1, j2}.
For linear HF-type interaction, for case of ∆A much
larger than B, the transverse correlation z =< I+j1I
−
j2
>
dominates the longitudinal parts u1,2 =< (1/2 ±
Izj1 )(1/2 ± Izj2) >. The concurrence takes value 2|z|
and is also periodic with the same period as that of
CE of S, see Fig. 2 (a). It takes zero values only at
t = nπ, n = 0, 1, 2 · · · and keeps non-zero within each
period. For small ξ, the longitudinal correlation over-
whelms its transverse counterpart, the pairwised bath
concurrence exhibits an extremely narrow peak close to
t = 0 and then dies away completely, see Fig. 2 (b).
We notice that, in the periodic CE, the zero-coherence
interval in each period extends with the increase of the
chain length, see the dashed lines in Fig. 2 (a). In the
limit N → ∞, it predominates the whole evolution and
the periodical coherence revival shrinks into instanta-
neous pulses with zero width. This was often understood
as a complete decoherence.4,6 However, the bath concur-
rence C maintains non-zero in these zero-coherence time
intervals, and is chain-length independent, as shown by
the solid lines in Fig. 2 (a). In other words, even the peri-
odic coherence evolution is predominated by zero value,
the bath still keeps in a stable entangled state. Tak-
ing into consideration of the periodically reviving coher-
ence evolution, this persistently entangled bath state sug-
gests that the whole universe is in a coherence preserving
phase.
HF-type interaction in cosine form.— Now we con-
sider the HF-type interaction in cosine form. The joint-
correlation and bath concurrence again exhibits two
types of evolutions, see Fig. 3. When the intra-bath inter-
action B is large, these two quantities exhibit the same
decaying behaviors as their counterparts in the case of
linear HF-type interaction, respectively. For small B,
unlike the non-decaying irregularly oscillating CE, inter-
estingly, the evolutions of both Gj1,j2(t) and C(t) are still
periodic. If we normalize the time variable t by the local
difference of the HF-type interaction strength at the two
sites ∆Aj1,j2 , the resulted period π is exactly the same as
in the periodic evolution with linear HF-type interaction.
The scale introduced by the two bath spins picks out a
periodic component hidden in the irregularly oscillating
CE of S and shows up in the joint-correlation and bath
concurrence evolutions.
Decoupling phenomena— The decoherence effect is
due to the temporally fluctuating random magnetic field
exerted on the electron spin, originated from the fluctua-
tions of the surrounding bath spin pairs. If the intra-bath
interaction increases, the decoherence will be enhanced
owing to the increased bath spins fluctuations. However,
as can be seen from Eq. (5) and its relevant formula, when
the S-E interaction becomes negligible with respect to
the intra-bath interaction, the electron spin evolves inde-
pendently, in decoupling from the bath, and its coherence
takes constant value limξ→0 ρ
S
+,−(t) = 1. In correspon-
dence to the above intuition, our calculation shows that
both ρS+,−(t) and Gj1,j2(t) manifest a continuous transi-
tion from the decaying evolution to the decoupling evo-
lution, see Fig. 4. The bath concurrence, on the other
hand, is in association only with the quantum fluctua-
tions of the bath spins, although the latter is driven by
the full Hamiltonian of the universe. The decaying evolu-
tion of the bath concurrence therefore exhibits a scaling
behavior in its dependence on the intra-bath coupling B
as C(t) ∼ C(Bt) while the scaling behavior for Gj1,j2(t)
only appears in the decoupling regime. The decoupling
phenomenon occurs for HF-type interaction in both lin-
ear and cosine forms, and thus is a generic feature in the
large intra-bath interaction limit.
In summary, the bath entanglement plays a signifi-
cant role in understanding the coherence status of the
spin-bath system. In particular, the subtle difference be-
tween the zero-coherence status exhibited in two kinds
of different electron spin coherence evolutions can be dis-
criminated by the entanglement status of the spin chain.
The periodic coherence evolution predominated by zero-
coherence and the non-decaying irregularly oscillating co-
herence evolution are both associated with a periodic
evolution of the bath entanglement, which reveals the
coherence-preserving nature of the whole system and is
a kind of headspring of the spin echo effect. The zero
coherence appeared in the decoherence evolution corre-
sponds to an environment with disentangled spin pairs.
Any disturbance to the spin on one site would have no
affect to its neighboring spins. The environment is in this
sense silent and the whole system is in a true coherence
collapse state.
As a ramification, apparently, both the zero-coherence
status in the two different parameter regimes meet the
requirement of von Neumann’s postulate . Yet they cor-
respond to qualitatively different entanglement status of
the environment. This brings up a question that whether
a quantum measurement of the system should refer to
the environment status. It is expected to stimulate fur-
ther understanding to decoherence as well as quantum-
measurement theories.
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FIG. 1: (color online). Joint-correlation evolution |Gj1,j2(t)|
for (a) ξ = 10 (b) ξ = 0.1 with N = 200, 400 and j1 = N/2,
j2 = N/2 + 1. Corresponding CE |ρS+,−(t)| are plotted for
comparison. In (a), |Gj1,j2(t)| is periodic with period pi. The
zero-value regimes coincide with those for CE. In (b), after a
peak close to t = 0, |Gj1 ,j2(t)| dies away completely.
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FIG. 2: (color online). Solid lines are concurrence evolution
C(t) for (a) ξ = 10 (b) ξ = 0.01 with j1 = N/2, j2 = N/2+ 1.
The electron spin initial state is taken as c1 = 1/
√
3, and c2 =√
6/3. Dotted lines are Corresponding plotted for comparison.
In (a), C(t) for N = 200, and N = 400 almost overlap with
each other. The evolutions are periodic with period pi and
keep non-zero value except at t = npi, n = 0, 1, 2 . . . In (b),
N = 200, after two narrow peaks close to t = 0, C(t) dies
away completely.
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FIG. 3: (color online). Joint-correlation and bath con-
currence evolution for Aj = A cos2 (j−1)pi2N , N = 200 with
A = 104 s−1, j1 = N/2, j2 = N/2 + 1. Dotted lines are
corresponding CE’s plotted for comparison. (a) For B = 103
s−1, both |Gj1,j2(t)| and C(t) exhibit zero value after a nar-
row peak/peaks close to t = 0. The corresponding |ρS+,−(t)|
decays monotonically. (b) For B = 0.1 s−1, |Gj1,j2(t)| and
C(t) both exhibit periodic evolution. The period is pi with
time normalized by local difference of the HF-type coupling
strength ∆Aj1,j2 . The coherence (in inset) exhibits a non-
decaying irregularly oscillating evolution.
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FIG. 4: (color online). N = 200, j1 = N/2, j2 = N/2 + 1.
(a) Transition behavior of joint-correlation from decaying to
decoupling evolutions. For ξ = 0.1, 0.05 lying in the pa-
rameter regime for decaying evolutions, |Gj1 ,j2(t)| exhibits a
single peak and then monotonically dies away. For ξ = 0.01,
the evolution starts oscillating after the single peak, which
is a kind of evidence that the evolution is in the decoupling
regime. (b) Decoupling behavior of CE. For ξ = 0.1, 10−3 in
the decoherence regime, the coherence decays monotonically,
see the inset for detail. For ξ = 10−5, oscillation appears
during the decay. The deviation from the monotonic decay
appears as a transition to the decoupling evolution, which oc-
curs approximately at ξ ∼ 0.01/N ∼ 10−5. For ξ = 10−6, as
a typical decoupling behavior, |ρS+,−(t)| fluctuates around the
limit limξ→0 |ρS+,−(t)| = 1.
